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ON THE DUALITY OF THE
SYMMETRIC STRONG DIAMETER 2 PROPERTY
IN LIPSCHITZ SPACES
ANDRE OSTRAK
Abstract. We characterise the weak˚ symmetric strong diame-
ter 2 property in Lipschitz function spaces by a property of its
predual, the Lipschitz-free space. We call this new property de-
composable octahedrality and study its duality with the symmetric
strong diameter 2 property in general. For a Banach space to be
decomposably octahedral it is sufficient that its dual space has the
weak˚ symmetric strong diameter 2 property. Whether it is also a
necessary condition remains open.
1. Introduction
We consider only real nontrivial Banach spaces. We start by fixing
some notation. Let X be a Banach space. Denote its closed unit ball,
unit sphere, and dual space by BX , SX , and X
˚, respectively. A weak˚
slice of BX˚ is a set of the form
SpBX˚ , x, αq :“ tx
˚ P BX˚ : x
˚pxq ą 1´ αu,
where x P SX and α ą 0.
Let M be a pointed metric space, that is, a metric space with a fixed
point 0. The space Lip0pMq of all Lipschitz functions f : M Ñ R with
fp0q “ 0 is a Banach space with the norm
}f}Lip “ sup
"
|fpxq ´ fpyq|
dpx, yq
: x, y PM, x ‰ y
*
.
Let δx : M Ñ R be the characteristic function of the one element set
txu. The Lipschitz-free space FpMq is defined as the completion of the
molecule space
MpMq “ span tδp ´ δq : p, q PMu ,
equipped with the Arens–Eells norm
}µ} “ inf
! nÿ
i“1
|λi|dppi, qiq : µ “
nÿ
i“1
λipδpi ´ δqiq, pi, qi P M, n P N
)
,
where the infimum is taken over all expressions of molecule µ PMpMq
as a linear combination of elementary molecules δp ´ δq (see details in
[W]). For any p, q PM ,
}δp ´ δq} “ dpp, qq.
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It can be shown that FpMq˚ is isometrically isomorphic to Lip0pMq,
where the isomorphism can be defined as T : Lip0pMq ÑMpMq
˚,
pTfqpµq “
ÿ
pPM
fppqµppq,
where f P Lip0pMq, µ P MpMq.
Recall that the dual Banach space X˚ has the weak˚ strong diameter
2 property (w˚-SD2P) if every finite convex combination of weak˚ slices
of BX˚ has diameter 2. The (norm of) Banach space X is said to be
octahedral (OH) if, for any x1, . . . , xn P SX and ε ą 0, there exists a
y P SX such that, for any i P t1, . . . , nu,
}xi ` y} ě 2´ ε.
It is well known that the dual space X˚ has the w˚-SD2P if and only
if the norm of Banach space X is octahedral ([D],[G], for a proof, see,
e.g., [BLR] or [HLP]). This means that the Lipschitz space Lip0pMq
has the w˚-SD2P if and only if the norm of the Lipschitz-free space
FpMq is octahedral. In [PR], it was shown that the octahedrality of
FpMq can also be characterised by the following property of the metric
space M .
Definition 1.1. A metric space M is said to have the long trapezoid
property (LTP) if, for every finite subset N of M and ε ą 0, there exist
u, v PM , u ‰ v, such that, for any x, y P N ,
p1´ εq
`
dpx, yq ` dpu, vq
˘
ď dpx, uq ` dpy, vq.
More precisely, it was shown that the following theorem holds.
Theorem 1.2. [PR, Theorem 3.1] Let M be a pointed metric space.
The following statements are equivalent:
(i) Lip0pMq has the w
˚-SD2P;
(ii) the norm of FpMq is OH;
(iii) M has the LTP.
The objective of this paper is to give a similar characterisation to the
following property, which was introduced only recently but has already
been under rigorous study (see [ALN], [ANP], [CCGMR], [HLLN], [L],
and [LR]).
Definition 1.3. A dual Banach space X˚ is said to have the weak˚
symmetric strong diameter 2 property (w˚-SSD2P) if, for every finite
family tSiu
n
i“1 of weak
˚ slices of BX˚ and ε ą 0, there exist fi P Si,
i “ 1, . . . , n, and g P BX˚ such that fi ˘ g P Si for every i P t1, . . . , nu
and }g} ą 1´ ε.
It is known that generally the w˚-SSD2P is a strictly stronger prop-
erty than the w˚-SD2P. In fact, a Lipschitz function space with the
w˚-SD2P but without the w˚-SSD2P appeared in [O]. Moreover, it
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was shown in [O] that the Lipschitz space Lip0pMq has the w
˚-SSD2P
if and only if the metric space M has the following property.
Definition 1.4. A metric space M is said to have the strong long
trapezoid property (SLTP) if, for every finite subset N of M and ε ą 0,
there exist u, v PM , u ‰ v, such that, for any x, y P N ,
(1.1) p1´ εq
`
dpx, yq ` dpu, vq
˘
ď dpx, uq ` dpy, vq,
and, for any x, y, z, w P N ,
(1.2)
p1´ εq
`
dpx, yq ` dpz, wq ` 2dpu, vq
˘
ď dpx, uq ` dpy, uq ` dpz, vq ` dpw, vq.
We now introduce the property that, via Lipschitz-free space FpMq,
characterises the w˚-SSD2P of the Lipschitz space Lip0pMq.
Definition 1.5. We say that the (norm of) Banach space X is de-
composably octahedral (DOH) if, for every finite subset E of SX and
ε ą 0, there exists a y P SX such that, for any y1, . . . , yn P X withřn
i“1 yi “ y, and, for any x1, . . . , xn P E, a1, b1, . . . , an, bn ě 0, the
following inequality holds
nÿ
i“1
`
}aixi ` yi} ` }bixi ´ yi}
˘
ě p1´ εq
´ nÿ
i“1
pai ` biq ` 2
¯
.
It is easy to verify that OH follows from DOH. The main objective
of this paper is to show that the Lipschitz space Lip0pMq has the w
˚-
SSD2P if and only if FpMq is DOH. More generally, we show that if
the dual space X˚ has the w˚-SSD2P then X is DOH. Whether the
converse is true, is currently unknown to us. We finish the paper by
looking through examples of octahedral Banach spaces whose duals are
known not to have the w˚-SSD2P. These Banach spaces also fail to be
DOH.
The paper is organised as follows.
In Section 2, we show that if the dual Banach space X˚ has the
w˚-SSD2P then X is DOH. In addition, we prove Theorem 2.2, which
says that Lip0pMq has the w
˚-SSD2P if and only if FpMq is DOH.
In Section 3, we prove Proposition 3.1, which gives necessary and
sufficient conditions for the absolute sum of two Banach spaces to be
DOH. We finish the paper by showing that the space Cr0, 1s, the norm
of which is known to be octahedral, is not DOH.
2. Main results
In this section, we show that if a dual Banach space X˚ has the
w˚-SSD2P then X is DOH. Whether the reverse implication holds in
general, is unknown to us. However, in the following, we prove that
the reverse implication holds if X is a Lipschitz-free space.
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Proposition 2.1. Let X be a Banach space. If X˚ has the w˚-SSD2P
then X is DOH.
Proof. Assume that X˚ has the w˚-SSD2P. Let E be a finite subset of
SX and ε ą 0. For any x P E, define a w
˚-slice Sx “ S
`
BX˚ , x,
ε
2
˘
.
Since Lip0pMq has the w
˚-SSD2P, we can find fx P Sx and g P BX˚
such that }fx ˘ g} ď 1 for every x P E and }g} ě 1´ ε. Then, for any
x P E,
fxpxq ě 1´
ε
2
and |gpxq| ď
ε
2
.
Let y P BX be such that gpyq ě 1 ´ ε. For any y1, . . . , yn P X withřn
i“1 yi “ y, and, for any x1, . . . , xn P E, a1, b1, . . . , an, bn ě 0, we have
nÿ
i“1
`
}aixi ` yi} ` }bixi ´ yi}
˘
ě
nÿ
i“1
`
pfxi ` gqpaixi ` yiq ` pfxi ´ gqpbixi ´ yiq
˘
“
nÿ
i“1
`
pai ` biqfxipxiq ` pai ´ biqgpxiq ` 2gpyiq
˘
ě p1´ εq
nÿ
i“1
pai ` biq ` 2
nÿ
i“1
gpyiq
“ p1´ εq
nÿ
i“1
pai ` biq ` 2gpyq
ě p1´ εq
´ nÿ
i“1
pai ` biq ` 2
¯
.
Therefore, X is DOH. 
Theorem 2.2 (cf. [O, Theorem 2.1]). Let M be a pointed metric space.
The following statements are equivalent:
(i) Lip0pMq has the w
˚-SSD2P;
(ii) FpMq is DOH;
(iii) M has the SLTP.
Proof. (i)ô(iii) is [O, Theorem 2.1].
(i)ñ(ii) holds by Proposition 2.1.
(ii)ñ(iii). Assume that the Lipschitz-free space FpMq is DOH. Let
N be a finite subset of M and 0 ă ε ă 1
2
. Define E “
 
δp´δq
dpp,qq
: p, q P N
(
and let 0 ă δ ă rε
2R
, where r, R ą 0 are such that
r ă dpp, qq ă R for any p, q P N , p ‰ q.
Since FpMq is DOH, there exists a ν P spantδp´δq : p, q P Mu, }ν} ă 1,
such that, for any ν1, . . . , νn P FpMq with
řn
i“1 νi “ ν, and, for any
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µ1, . . . , µn P E, a1, b1, . . . , an, bn ě 0, the following inequality holds
nÿ
i“1
`
}aiµi ` νi} ` }biµi ´ νi}
˘
ě p1´ δq
´ nÿ
i“1
pai ` biq ` 2
¯
.
Since
}ν} “ inf
! nÿ
i“1
|λi|dppi, qiq : ν “
nÿ
i“1
λipδpi ´ δqiq, pi, qi PM
)
,
there exist n P N and λi ą 0, ui, vi P M , ui ‰ vi, i “ 1, . . . , n, such
that ν “
řn
i“1 λipδui ´ δviq and
řn
i“1 λidpui, viq “ 1.
It suffices to show that there exists an i P t1, . . . , nu such that,
taking u “ ui and v “ vi, the inequalities (1.1) and (1.2) hold for
any x, y, z, w P N . Suppose that, contrary to our claim, for any i P
t1, . . . , nu, there exist xi, yi P N such that
(2.1) p1´ εq
`
dpxi, yiq ` dpui, viq
˘
ą dpxi, uiq ` dpyi, viq,
or xi, yi, zi, wi P N such that
(2.2)
p1´ εq
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ą dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq.
Let I be the subset of indexes t1, . . . , nu for which there exist xi, yi P
N such that (2.1) holds, and let J be the set t1, . . . , nuzI. By our
assumption, for every i P J , there exist xi, yi, zi, wi P N such that
xi ‰ yi or zi ‰ wi, and (2.2) holds. Fix such xi, yi P N for every i P I,
and xi, yi, zi, wi for every i P J . Then
ÿ
iPI
λi
´
dpxi, uiq ` dpyi, viq ´ p1´ εq
`
dpxi, yiq ` dpui, viq
˘¯
`
ÿ
iPJ
λi
`
dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq
˘
´ p1´ εq
ÿ
iPJ
λi
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ă 0.
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To prove that this can not be the case, we show that the following
inequality holdsÿ
iPI
λi
´
dpxi, uiq ` dpyi, viq ´ p1´ εq
`
dpxi, yiq ` dpui, viq
˘¯
`
ÿ
iPJ
λi
`
dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq
˘
´ p1´ εq
ÿ
iPJ
λi
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ě
ÿ
iPI
λi
`
dpxi, uiq ` dpyi, viq ` dpui, viq
˘
´ p1´ δq
ÿ
iPI
λi
`
dpxi, yiq ` 2dpui, viq
˘
`
ÿ
iPJ
λi
`
dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq ` δdpyi, ziq
˘
´ p1´ δq
ÿ
iPJ
λi
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
and that the right hand side of this inequality is nonnegative.
The inequality holds because, since 2δ ď ε, for any i P I, we have
dpxi, uiq ` dpyi, viq ´ p1´ εq
`
dpxi, yiq ` dpui, viq
˘
ě dpxi, uiq ` dpyi, viq ´ p1´ 2δq
`
dpxi, yiq ` dpui, viq
˘
ě dpxi, uiq ` dpyi, viq ` dpui, viq ´ p1´ δq
`
dpxi, yiq ` 2dpui, viq
˘
,
and, for any i P J , since δdpyi, ziq ď
ε
2
`
dpxi, yiq ` dpzi, wiq
˘
, we have
dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq
´ p1´ εq
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ě dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq
´ p1´ δ ´
ε
2
q
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ě dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq ` δdpyi, ziq
´ p1´ δq
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
.
It remains to prove thatÿ
iPI
λi
´
dpxi, uiq ` dpyi, viq ` dpui, viq ´ p1´ δq
`
dpxi, yiq ` 2dpui, viq
˘¯
`
ÿ
iPJ
λi
`
dpxi, uiq ` dpyi, uiq ` dpzi, viq ` dpwi, viq ` δdpyi, ziq
˘
´ p1´ δq
ÿ
iPJ
λi
`
dpxi, yiq ` dpzi, wiq ` 2dpui, viq
˘
ě 0.
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To this end, note thatÿ
iPI
λi
`
dpxi, uiq ` dpyi, viq ` dpui, viq
˘
`
ÿ
iPJ
λi
`
dpxi, uiq ` dpyi, uiq ` dpyi, ziq ` dpzi, viq ` dpwi, viq
˘
ě
ÿ
iPI
λi
`
}δxi ´ δyi ´ pδui ´ δviq} ` }δui ´ δvi}
˘
`
ÿ
iPJ
λi
`
}δxi ´ δyi ´ pδui ´ δyiq} ` }δui ´ δyi}
˘
`
ÿ
iPJ
λi
`
}δyi ´ δzi ´ pδyi ´ δziq} ` }δyi ´ δzi}
˘
`
ÿ
iPJ
λi
`
}δzi ´ δwi ´ pδzi ´ δviq} ` }δzi ´ δvi}
˘
ě 2p1´ δq ` p1´ δq
ÿ
iPI
λidpxi, yiq
` p1´ δq
ÿ
iPJ
λi
`
dpxi, yiq ` dpyi, ziq ` dpzi, wiq
˘
“ p1´ δq
ÿ
iPI
λi
`
dpxi, yiq ` 2dpui, viq
˘
` p1´ δq
ÿ
iPJ
λi
`
dpxi, yiq ` dpyi, ziq ` dpzi, wiq ` 2dpui, viq
˘
,
where the second inequality holds by our choice of ν because
ν “
ÿ
iPI
pδui ´ δviq `
ÿ
iPJ
pδui ´ δyi ` δyi ´ δwi ` δwi ´ δviq.
This completes the proof. 
3. Decomposable octahedrality in Banach spaces
In this section, we look at examples of octahedral Banach spaces for
which it is known that the dual space does not have the w˚-SSD2P.
These Banach spaces also fail to be decomposably octahedral. This
leaves open the question of whether the reverse implication of Propo-
sition 2.1 holds.
We start by looking at decomposable octahedrality in absolute sums
of Banach spaces. Recall that a norm N on R2 is absolute if
Npa, bq “ Np|a|, |b|q for all pa, bq P R2,
and normalised if
Np1, 0q “ Np0, 1q “ 1.
For 1 ď p ď 8, we denote the ℓp norm on R
2 by } ¨ }p. Every ℓp norm
is an absolute normalised norm.
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For Banach spaces X, Y , we denote by X ‘N Y the product space
X ˆ Y equipped with the norm N , where
Npx, yq “ Np}x}, }y}q for all x P X, y P Y .
In case N is an ℓp norm we write X ‘p Y .
It can be shown that X˚ ‘N Y
˚ has the w˚-SSD2P if and only if N
is the ℓ8 norm and X
˚ or Y ˚ has the w˚-SSD2P (the proof is similar
to the one of [HLLN, Theorem 3.1]).
We give necessary and sufficient conditions for the absolute sum of
Banach spaces to be DOH.
Proposition 3.1. Let X, Y be Banach spaces.
(a) The space X ‘1 Y is DOH if and only if X or Y is DOH.
(b) If N is an absolute normalised norm different from the ℓ1 norm
then the space X ‘N Y is not DOH.
Proof. (a). First, assume that X is DOH. Let E be a finite subset of
SX‘1Y and ε ą 0. Since X is DOH, there exists a z P SX such that, for
any z1, . . . , zn P X with
řn
i“1 zi “ z, and, for any a1, b1, . . . , an, bn ě 0,
px1, y1q, . . . , pxn, ynq P E, we have
nÿ
i“1
`
}aixi ` zi} ` }bixi ´ zi}
˘
ě p1´ εq
´ nÿ
i“1
pai ` biq}xi} ` 2
¯
.
Notice that Npz, 0q “ 1. Let pz1, w1q, . . . , pzn, wnq P X ‘1 Y be such
that
řn
i“1pzi, wiq “ pz, 0q. Then, for any a1, b1, . . . , an, bn ě 0,
px1, y1q, . . . , pxn, ynq P E, we have
nÿ
i“1
`
}aipxi, yiq ` pzi, wiq} ` }bipxi, yiq ´ pzi, wiq}
˘
“
nÿ
i“1
`
}aixi ` zi} ` }aiyi ` wi} ` }bixi ´ zi} ` }biyi ´ wi}
˘
ě p1´ εq
´ nÿ
i“1
pai ` biq}xi} ` 2
¯
`
nÿ
i“1
pai ` biq}yi}
ě p1´ εq
´ nÿ
i“1
pai ` biq ` 2
¯
.
Therefore, X ‘1 Y is DOH.
Assume now that X, Y are not DOH. Then there exist finite subsets
E1, E2 of SX and SY , respectively, and ε ą 0, such that, for any z P SX ,
w P SY , there exist n P N and zi P X, wi P Y , ai, bi, ci, di ě 0, xi P E1,
yi P E2, i “ 1, . . . , n, such that
řn
i“1 zi “ z,
řn
i“1wi “ w,
nÿ
i“1
`
}aixi ` zi} ` }bixi ´ zi}
˘
ă p1´ εq
´ nÿ
i“1
pai ` biq ` 2
¯
,
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and
nÿ
i“1
`
}ciyi ` wi} ` }diyi ´ wi}
˘
ă p1´ εq
´ nÿ
i“1
pci ` diq ` 2
¯
.
Now, take E “ tpx, 0q, p0, yq : x P E1, y P E2u. This is a finite subset
of SX‘1Y . However, for any pz, wq P SX‘1Y , there exist n P N and
zi P X, wi P Y , ai, bi, ci, di ě 0, pxi, 0q, p0, yiq P E, i “ 1, . . . , n, such
that
řn
i“1 zi “ z,
řn
i“1wi “ w, and
nÿ
i“1
`››}z}aipxi, 0q ` pzi, 0q››`››}z}bipxi, 0q ´ pzi, 0q››˘
`
nÿ
i“1
`››}w}cip0, yiq ` p0, wiq››`››}w}dip0, yiq ´ p0, wiq››˘
“
nÿ
i“1
`››}z}aixi ` zi››`››}z}bixi ´ zi››˘
`
nÿ
i“1
`››}w}ciyi ` wi››`››}w}diyi ´ wi››˘
ă p1´ εq
`
}z}pai ` biq ` }w}pci ` diq ` 2
˘
.
Therefore, X ‘1 Y is not DOH.
(b). Take x P SX and w P SY . Then px, 0q, p0, wq P SX‘NY . Notice
that, for any y P SX‘NY , there exist y1 P BX , y2 P BY such that
y “ py1, 0q ` p0, y2q. Since N is not the ℓ1 norm, there exists an ε ą 0
such that Np1, 1q ă 2p1´ 2εq. Thus,››}y1}px, 0q ` p0, y2q››`››}y2}px, 0q ´ p0, y2q››
`
››}y1}p0, wq ` py1, 0q››`››}y2}p0, wq ´ py1, 0q››
“ Np}y1}, }y2}q `Np}y2}, }y2}q `Np}y1}, }y1}q `Np}y2}, }y1}q
“ 2` }y2}Np1, 1q ` }y1}Np1, 1q
ă 2` 2p1´ 2εq
`
}y1} ` }y2}
˘
ď p1´ εq
`
2}y1} ` 2}y2} ` 2
˘
.
Therefore, X ‘N Y is not DOH. 
Note that, by Proposition 3.1, the space ℓ1‘8 ℓ1, which is known to
be OH (see [HLP]), is not DOH.
We finish the paper by noting that the space Cr0, 1s, which is OH (see
[HLP, Example 1.1]), is not DOH. To see this, define f1, f2 P SCr0,1s,
f1pxq “
"
1´ 4x, if x P
“
0, 1
4
‰
,
0, else;
and
f2pxq “
"
4x´ 3, if x P
“
3
4
, 1
‰
,
0, else.
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Let 0 ă ε ă 1
3
. For any g P SCr0,1s, we can find g1, g2 P BCr0,1s such
that g “ g1 ` g2,
g1pxq “ 0 for all x P
”
0,
1
4
ı
,
and
g2pxq “ 0 for all x P
”3
4
, 1
ı
.
Then
}f1 ` g1} ` }f1 ´ g1} ` }f2 ` g2} ` }f2 ´ g2} “ 4 ă p4` 2qp1´ εq.
Therefore, Cr0, 1s is not DOH.
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